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by  J.  C.  English  and  G0  13.  Smith  ( U.  of  Fla.) 


Imagine  a thin  orthotropic  plate  of  uniform  thickness  having 
tuo  perpendicular  axoc  of  elastlo  symmetry  In  the  piano  of 
the  plate,  /m  infinite  rectangular  plate  of  this  type  con- 
taining a circular  Isotropic  dish  is  considered.  A uniform 
tension,  is  assumed  to  act  along  tuo  opposite  edges  of  the 
plate.  For  simplicity  the  edges  of  the  plate  uill  be  taken 
to  be  parallel  to  the  tuo  axes  of  elastic  symmetry.  It  is 
further  assumed  that  the  strains  are  small  and  remain  within 
the  limits  of  perfeot  elasticity.  The  problem  will  be  treat- 
ed as  a problem  of  plane  stress. 

The  center  of  the  circular  disk  is  chosen  as  the  o enter  of 
the  coordinate  system  and  the  X and  Y - axes  are  chosen  to  be 
parallel  to  the  axes  of  elastlo  symmetry  of  the  plate.  Using 
the  notation  of  S.  Timoshenko1  the  boundary  conditions  are 


07  = S "I 

°l  = ° f A~* 
r,t  = o J 

X'  =-  T > 

Uf(x,y)  = V(x,¥) 

V'(x^)  = * 


(1) 


* This  paper  was  written  under  on  offloo  of  ilaval  Research 
oontraot. 

1 Timoshenlco , 3. , Theory  of  Elasticity  ( Hew  York:  KoOrow  Hill 
Book  Company,  1951. ) 
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In  the  statement  of  the  boundary  conditions  the  prime  denotes 

quantities  associated  with  the  disk,  and  a is  the  radius  of  the 
disk  vjhose  boundary  is  given  bys 

X * a Cos® 

Y - a Sin© 

Whenever  the  word  plate  is  used  the  region  exterior  to  the 
disk  is  intended.  In  the  plate  the  components  of  stress  and  of 


2 

strain  are  related  as  follows  i 


_ OK  _ . __  Jit  q~ 

~ 0*  “ E*  * 

„ gL  __  JJJ Vtr 


* 0V.  x .Sit. 


QVL_  _ 


-u  r,*. 


In  these  relations  E„  and  E_  are  Young's  moduli  in  the  X and 

X Jr 

Y directions  respectively!  i)  is  Poisson's  ratio;  and  0 is  the 
modulus  of  rigidity. 

For  plane  stress  the  equations  of  equilibrium  ares 


0 


- •.  ana  of  equilibrium  trill  obviously  bo  t 

..'css  function  F such  that 

o'-p 

°*  - 3^-x 

2 C.  Bassel  Smith,  Quarterly  of  Applied  Kath.  6, 
452-456  (1949) 
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Substitution  of  equations  (-r)  into  equations  (Si,  using  ‘trie 

relation  jjjj*  - jLs~  , gives 


n _ JL  il£  _ jL  ££. 
£*  9^  ex  ax' 

p L _a'F-  _ Vai_ 

'#7  3^ 

y U 

0*»  ""  3X3*4 


If  these  values  ore  substituted  into  the  compatibility 


equation, 


*>' e „ 9'c,  _ 

■<u  f ' r\ww 


OX  0*4 


one  lias  the  following  equation 


X 2l%  + 2dxkJ  p/-t  -t  — = O 

E*  + L e,  J »x‘3<a-  C*  »r 

Let  K - i ~ , € m V*f  <6) 

and  *7^  ■=  6 f . Chen  the  compatibility  equation  can  be  written 


a’p  . , K — °!f.  + »l£_  _ „ 

-jyT  1 K sx'»7  + VT)' 


Assume  F - P(  * + o 7)  substitute  this  into  the 

new  form  of  the  compatibility  equation  to  obtain  the  follow- 


ing equation  in  8 


Therefore 


t*  + aK6%  1 = o 


0 - - K ± /Kl-i 


r 


* 


W" '’  •* 

—it 


* .w  t . y v / 


SLuicv?  r.  r.ootlea  pluto  'iiill  bo  chosen  as  on  oaxuuplo  mid, 
since  for  wood  K ns  defined  is  probably  always  creator  than 
one3,  let  K - Oc^k $ thon  fi1"  = - c<A^-  <p  ± a***X  Q 


and 


6,  * t Ji 


6 * ^-*-4 


<$*= 

Ilot-i  the  compatibility  equation  oan  be  rewritten  as 

(£+«h£)(£  + ^)p  = ° <8> 

uhere  0<'-_  _»<*  ^-4 

It  oan  be  shorn  by  direot  substitution  that  the  compati- 
bility equation  is  satisfied  by  any  stress  function  of  the  form 


F = nLf?(*  + i“7}  + 'r(x+</j'7j] 


(9) 


where  * = /k*VkCT‘ 

a-V* 

Consider  on.  infinite  rectangular  ortho tropio  plate  containing 
a circular  or  elliptio  hole.  Assume  that  a uniform  tension  is 
applied  along  two  opposite  edges  and  that  the  edges  of  the  plat© 


3 C.D.  Smith,  Effect  of  Elliptio  or  Circular  Holes  on  the 
stress  Distribution  in  plates  of  wood  or  plywood  considered  as 
orthotropio  materials,  Forest  Products  laboratory  Report  ITo  1510, 
1944. 
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of  elastic  cymrj etry„ 


(In  the  case  of  the  elliptic  hole  choose  the  axes  of  the 
ellipse  to  be  the  coordinate  axes  end  assume  that  these  axes  are 
parallel  to  tho  elastic  axes.)  For  tills  problem  the  solution  is 
known**-.  'fhc  stress  function  is 

P s r[^z(  *,\k  (*,+  *,)) 

n / O (10) 

In  this  stress  function  A and  B are  complex  constants  and 
H,  U,  if,  a,  and  /a  arc  defined  as  follows* 

2X  * x -*•  i A rf 

NF 

c = av(i-^v6w; 
n>  - Vk  - v*1-?' 


z, 

w, 

C 

•< 


X+(<x^ 

/— > 
*,v-  r 


In  order  that  the  stresses  shall  be  single-valued,  U-jOnd  Ug 
are  assignod  values  suoh  that  the  following  Inequalities  are 
always  satisfied*  |Z^  + U-J  > X,  |Zg  + Wgi  > ^ 

For  the  problem  of  the  infinite  ortliotropic  plate  containing 
a circular  or  an  elliptio  hole  the  boundary  conditions  at  infinity 
are  identical  to  the  boundary  oonditions  at  infinity  for  the 
problem  of  tills  paper.  From  the  nature  of  the  problem  consid- 
ered hero  it  appears  that  the  form  of  the  stress  function  given 
above  will  be  suitable  for  the  plate.  It  will  bo  shown  that 
this  is  true. 


**■  Smith,  ibid 
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P'-orn  V-l»o  function.  F it?  follows  that 


D"P 


<*^V\ 


x,vB  1 


^ = *[  *£?*>  + wS*7*  J + s 


a zr 

■»  5KX 


0 r -a . -b  I 


(11) 


r - . .££-  a t?r 

H ~ 3ya^  'iw.U+tf,)  Wfc(*v+-^)J 
The  boundary  conditions  at  infinity,  namely, 


<*!•«  S 

0^-0 

r.,~  ° 


/i  — 


(12) 


can  easily  he  shown  to  be  satisfied  provided  only  that  A and 
B are  finite « 

In  order  to  satisfy  the  boundary  conditions  at  r*=a,  use 
will  be  made  of  the  following  relationships  between  polar  and 
rectangular  stresses, 

0a  - coV©  + °»  + a /4+«.efH& 

- -<Ji  aU©  cm©  + cr;  A<de  CM©  ♦ £■;, 
where  Q is  the  polar  angle.  From  these  relations  using  (11) 
<J\  and  XAi  for  the  plate  are  found  to  be 

* w*.(t?+wv)  (^6vcmv©  - And*-®  + %C/ie  Cc*&)JI 


-*•  S CtrV"©. 


^ __  f-A  f 6 CM©  (l  -M^C**)  -f  |X<  (A^»v6-C#»ve)} 

L ^(i,  + vt/,) 

wazt+  u\.)  _ J 

— S A*~  © C 0<  ©. 
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(13) 


ring,  whioh  includes  an  a special  oase  a circular  disk,  is 
given  by  S.  Timoshenko^ . To  prevent  multiple  valued  stresses 
and  to  prevent  infinite  stresses  at  the  origin  some  of  the  con- 
stants of  the  stress  function  are  neoessarily  zero.  Prom 
Timoshenko’s  stress  funotlon  and  for  the  disk  are 

found  to  be 


Cf^'ss  2 + 2,et,A.Ai<~& 

+ 2 (na„/L,'V  |>*0  K nT) 

+ 2 c*  ^"'1+  t»* O A.**) 

mi 

2*  (Cv.  /i*1  •+  1\  ) )il  At"  t &, 


(14) 


+ £[(01''J  CU  A>”\) 

-i  «• 

+ LH+flAy, /i*  n » p V”v 


If  <j\  (13);  7*#  ( 13 ) * <?*/  (1^) ; and  l4)  are  evaluated  for 
r = a and  if  (j\  (r  « a)  Is  equated  to  GfJ  (r  0 a)  and  %0(v  *»  a) 
to  4#  (r  » a)  then  the  boundary  conditions  (1)  are  satisfied 
except  for  those  relating  to  displacements. 

■dien  the  horizontal  and  vertical  displacements  in  the  plate 
are  equated  to  the  horizontal  and  vertioal  displacements  in  the 
disk  respectively  as  required  by  the  boundary  conditions  (1) 


^ Timoshenko,  op.  oit,  P 114 
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thou  /j.  anu  u os'  uao  obzvsu  ivu lotion  snouid  bo  uniquely  de- 
termined, If  Timoshenko’s  ptress  function  for  the  disk  is 
expressed  as  a function  of  X and  Y and  the  rectangular  stress- 
es are  obtained  by  differentiation  thpn  the  reotangular  dis- 
placements in  the  disk  can  be  obtained  by  substitution  of  the 
expressions  for  the  reotangular  stresses  into  equations  (2) 
and  integrating.  This  yields^ 


'U'  ~ M/-y)  >ifl^o+v;]x  + 6 +ut(i-) 

, , r (15) 

V ~ jfai,w/-V)  + aflvO+y,)J^  +yc\K> 


UpC^)  and  r0(x>  can  be  shorn  to  be  equal  to  zero. 

The  reotangular  stresses  for  the  plate  are  known  (11), 

In  a similar  manner  the  displacements  in  the  plate  are  found 


to  be 


3 frtltu+  V9% 


H 

. + v»/v 


vxu; 

w p rA(»^<,)  , 

v ~ ^ L E>  t’-<e(iI+wl)  ^ 

- £Jt2k  + V„(x) 

where  Uo  (Y)  and  V0  (X)  can  be  shown  to  be  equal  to  zero. 
Equating  U (1 6)  to  U'  (15)  and  V (16)  to  V»  (15)  inposes 

^ Since  the  disk  is  isotropio  Ej  » Ey  * E and  V|X  * f 


t ho  Inst  two  boundary  conditions  (1)  0 This  determines  A and  B 
uniquely o 


A 


{e-Etf)a*s 

f <*  (l+*e) [ (/36-tQ‘'£V)£'*.+(hAv£V„)  E] 

a(o<£->^^  >(cy^’-+  v;,,)E-  _ 

[ /J  0+/ 3fe)[  (<*6-rfW)  E^  + C '+«<  Wtf>)  Ej 

t(i+««V^x)S'  (/3feM)  fat- T>)tx  +l^C"+l{i)£] 


(17) 


r f/3  £-VjE«  + (*V>lk)E  1 

(*£-«><W)E*  + 0+«'€  V9„)EJ 

(/U+>)fa*  -V)E*  t £J  m 

«*frtfc(t-/ieV)£;  + (i»AVvrM,iE'} (/3C-V)E,  +■  (a'-^+'t,)  £ 

/i(!  )[<*£(•-  *€  v;  E#  + (i+Tv€V4!,  > ej  (/it  -H ) [(w«  - + (*  * v Y,% ) £ 


(IB) 

r «e(Y £*-/„£)  Cl's 

(e-ff.)  a’-s  1 

Lo»t(i— <6  v)e+  t(i^vy„)£ . 

L(«e-  v)  e»  t y„)  e J 

* t { 1 - oe V)  E*+  0+*w€ 

(/3t-Y)e»*f3'c'-+Ti>)e 

mhac.)  + (i +«'**•■  vu)e]  (/3«+i)[(-c-v;E,+fav* 


It  la  desirable  to  show  that  for  a rigid  disk,  that  is, 
for  E « «of  the  stress  function  of  this  paper  reduces  to  the 
known  stress  function  for  the  case  of  the  rigid  disk?.  It  is 
sufficient  to  shot?  that  the  constants  A (17)  and  B (IB)  reduce 
to  the  proper  form  since  the  form  of  the  stress  functions  for 
these  two  oases  is  the  same.  By  'talcing  the  limit  of  A and  of 
B as  E -•►•©  and  simplifying  it  follows  that 

? Alvin  Jewel  Owens  "Effect  of  a Rigid  Eiiiptlo  Disk  on  the 
Stress  Distribution  in  an  Ortho troplo  Plate."  Doo tor’s  Thesis, 
U.  of  Florida,  1950. 
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isotropJo  case.  A sufficient  condition  la  that  0 -**•  O since 
K — *•  1 and  (7)  reduces  to  the  bihnraonio  equation  for  the 
isotropic  case. 

The  expression  for  the  orthotropic  stress  function  beoomes 
Indeterminate  as  0 o~  Successive  application  of  L' Hospital' 
rule  gives  for  the  isotropic  stress  function 


_ _g_  gCftac’+g)  [p+V'JE  -(h-V)e34  (g,»g)[fi»V,)g  »(g»V)gJ 

+ _ 4.1 v>.-^  .1  t>ju.  (si) 

/ caW  tf  VI  ^ ££ . 

+ (iW)e  + (j-v)  f V * *Wj  1 

It  can  be  shorn  that  the  stress  function  reduces  to  the 
one  given  by  Timoshenko^  for  an  Infinite  rectangular  ortho- 
tropic  plate  with  a oiroulr  hole  whenever  E'  — *■  o. 

As  examples  of  the  results  obtained,  consider  a large 
rectangular,  plain-  earn  plate  of  Sitlca  spruce,  and  a large 
rectangular  plate  of  steel.  Booh  plafro  will  be  taken  to  have 
a small  olroular  copper  disk  at  its  center. 

Since  shearing  stresses  are  probably  more  important  in  pro- 
ducing failure  in  a wooden  plate.  Figure  1 is  given  to  show  the 
variation  of  the  shear  stress  component  around  the  boundary  of 
the  disk.  Jilso  since  it  is  failure  of  the  wooden  plate  that  is 
of  the  most  oonoem,  stresses  along  the  coordinate  axes  exterior 
to  the  oopper  disk  are  given  in  subsequent  figures. 

9 Timoshenko,  op.  olt.  p 77 
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Figure  1.  Variation  of  the  shear  stress  component 
at  points  along  the  boundary  of  a olroular  oopper  disk  of 
radius  a with  oenter  at  the  origin  for  a plain-sawn  plate  of 
Sitka  spruce  and  for  an  isotroplo  (steel)  plate. 
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Figure  2.  Variation,  of  the  normal  stress  component  Gj. 
at  points  along  the  X-axis  exterior  to  a circular  copper  disk 
of  radius  a with  center  at  the  origin  for  a plain-sawn  plate 
of  Sitka  spruce  and  for  an  isotropio  plate. 


Figure  3*  Variation  of  the  normal  stress  oonpcnent 
at  points  along  the  X-axis  exterior  to  a circular  oopper  disk 
of  radius  a with  Center  at  the  origin  for  a plain- sam  plate 
of  Sltlca  spruce  and  for  an  isotropio  plate. 
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Figure  4.  Variation  of  the  normal  b trees  oomponant  <7* 
at  points  along  the  Y-axis  exterior  to  a olroular  copper  disk 
of  radius  a with  center  at  the  origin  for  a plain- sawn  plate 
of  Sitka  spruoe  and  for  an  isotropio  plate* 
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Figure  5.  Variation  of  the  normal  stress  component 
at  points  along  the  Y-axis  exterior  to  a circular  copper  aisle 
of  radius  a with  center  at  the  origin  for  a plain- savin  plate 
of  Sitka  spruce  and  for  an  isotropio  plate. 


